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Coupled Rotational-Vibrational Relaxation of Molecular
Hydrogen at High Temperatures

Michiko Furudate,* Kazuhisa Fujita,” and Takashi Abe*
Institute of Space and Astronautical Science, Sagamihara 229-8510, Japan

The internal energy relaxation processes of molecular hydrogen in the temperature range of 1000-50,000 K
are investigated by integrating the master equation considering all of the rotational and the vibrational energy
levels simultaneously. The state-to-state and the state-specific dissociation rate coefficients used in the calculation
are determined by a quasi-classical-trajectory analysis. The obtained rates are validated against the existing
experimental data. Recombination rate coefficients for bulk gas are also calculated from the detailed rates and
compared with the existing studies. From the calculated evolutions of energies in the rotational and the vibrational
modes, the relaxation times of these two modes for the Landau-Teller equation are derived. The obtained relaxation
times agree fairly well with the existing experimental data for the temperatures up to 1000 K for the rotational
relaxation and up to 3000 K for the vibrational relaxation. It was revealed that these two energy modes are strongly
coupled at high temperatures. The effective collision numbers required for equilibration of the two modes are found
to vary from 6 to 600. The approximate expressions describing energy relaxation of the coupled ro-vibrational

mode are derived for temperatures from 5000 to 50,000 K.

Nomenclature
b = impact parameter, m
E. = ro—vibrational energy, J
ey = ro—vibrational energy of state (J, v),J
Crot = average rotational energy per molecule, J
Crot—vib = average ro—vibrational energy per molecule, J
eyib = average vibrational energy per molecule, J
J = rotational quantum number
K. = elastic collision rate
K. = normalized state-specific recombination
rate coefficient
Keq = equilibrium constant, m™3
Jv—c = normalized state-specific dissociation
rate coefficient
K;,_ ;v = normalized state-to-state transition rate coefficient
k = Boltzmann constant, 1.3806 x 102 J/K
ke g = state-specific recombination rate coefficient, m%/s
ky = dissociation rate coefficient in the bulk gas, m?/s?
kjvse = state-specific dissociation rate coefficient, m3/s
kjv,- yw = state-to-state transition rate coefficient, m3/s
k, = recombination rate coefficient in the bulk gas, m®/s
m = molecular weight, kg
Ny yw = numberofeventJ,v— J' v
Niial = total number of trial trajectory calculation
ny = number density of atomic hydrogen, m™3
NH, = number density of molecular hydrogen, m~>
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Ny = number density of molecular hydrogen
in the state (J, v), m~3

P = probability

p = pressure, atm

T = translational temperature, K

T, = bulk rotational temperature, K

T, = bulk vibrational temperature, K

t = time, s

t, = mean collision time, s

U = random number between 0 and 1

Z = collision number

v = line-broadening coefficient, cm~! atm~!

0, = characteristic vibrational temperature, K

" = reduced mass, kg

oH = normalized nonequilibrium population
of atomic hydrogen

Puv = normalized nonequilibrium population
in the state (J, v)

T = ro—vibrational relaxation time, s

T, = rotational relaxation time, s

T, = vibrational relaxation time, s

Q = collision integral

Subscripts

eq = equilibrium

0 = initial state

I. Introduction

O design a proper thermal protection system of an entry probe

for a planetary mission, it is necessary to estimate accurately
the amount of heat flux to the probe’s surface. In 1995, Galileo
probe entered into the Jovian atmosphere with a relative velocity
of 47.4 km/s. The observed surface recession profile of the ablative
heatshield during the entry flight was significantly different from
those of the preflight calculations.' The recession of the ablation
material was approximately one-half in the stagnation region and
twice over the frustum in the downstream region compared with
the predictions. Postflight investigations revealed that the flight data
over the frustum are most likely caused by an earlier transition from
the laminar into the turbulent boundary layer, which is induced by
injection of gas from the surface due to ablation.>? On the other
hand, the problem in the stagnation region is left unsolved. In gen-
eral, the atmosphere of all outer planets consists mostly of hydrogen
and helium. For future outer planetary missions, it is necessary to
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explain completely the causes of the discrepancy between the flight
data and the preflight calculations.

A failure to predict the recession rate in the stagnation region
in the preflight calculations may be attributed to exclusion of de-
scribing nonequilibrium phenomena.> Before the Galileo mission,
Leibowitz conducted an emission measurement in a hydrogen—
helium mixture in a shock tube to examine the ionization process
behind shock wave.* According to the experiment, the ionization
process of atomic hydrogen has a finite incubation period behind
the shock wave. Howe derived a formula from Leibowitz’s data
that gives the time to reach the peak degree of ionization behind a
shock wave.> The study indicated that the un-ionized region would
be as large as one-half of the shock layer thickness in the maximum
heating conditions along Galileo probe’s entry trajectory, in which
the stagnation pressure was of the order of 10 atm; the ionization
nonequilibrium phenomenon is prominent despite the high pressure.
In the Galileo probe’s entry flight, the dominant heat transfer was
contributed by radiation from ionized hydrogen. The nonequilib-
rium makes the ionized region thinner, resulting in a smaller radia-
tive heat flux reaching the wall than that in an equilibrium flow.

In the flows consisting of hydrogen and helium under consider-
ation, electrons are first produced by photoionization ahead of the
strong shock wave,® whereas molecular hydrogen is dissociated be-
hind the shock wave. Atomic hydrogen is then ionized mainly due to
electron-impact ionization, resulting in a rapid increase in electron
number density, which is so-called the avalanche ionization.” In such
processes, flows immediately behind the shock wave are slightly
ionized but are mostly undissociated. Electron temperature, which
has a significant influence on initiation of the avalanche ionization,
is considered to be dictated by interaction with internal modes of
hydrogen molecules through inelastic collisions.® Therefore, it is
important to examine the relaxation processes of the internal energy
modes of molecular hydrogen.

In the cases of nitrogen and oxygen molecules, the rotational
relaxation completes quickly compared with the vibrational relax-
ation. Therefore, an assumption of equilibrium between transla-
tional and rotational energy modes is acceptable in general in nu-
merical simulations of entry flows into Earth’s atmosphere. Only
the vibrational energy mode is assumed to be in nonequilibrium
with the translational mode.® However, for hydrogen flows, these
assumptions fail because the rotational relaxation time for molecular
hydrogen can be comparable with the vibrational relaxation time be-
cause energy gaps between adjacent rotational states are as large as
those between vibrational states. Therefore, for hydrogen, rotational
nonequilibrium has to be coupled with vibrational nonequilibrium
in numerical simulations of hypersonic flows.

Sharma derived the rotational relaxation times of molecular hy-
drogen for temperatures up to 5000 K by solving the master equa-
tions for ro—vibrational energy levels.!” A quasi-classical-trajectory
(QCT) method by Schwenke!! is employed to obtain the ro—
vibrational state-to-state transition rates. Their work is extended
in the present work for the following reasons. First, the relaxation
times considered up to 5000 K by Sharma are not sufficient to cover
the flow regimes of outer planet entries. Second, because of the
unconventional definition, their relaxation time rapidly decreases
with the increase in temperature and ultimately becomes shorter
than the average elastic collision time at temperatures over 5000 K.
For these reasons, their results cannot be used directly in the conven-
tional computational fluid dynamics (CFD). Moreover, the coupling
phenomenon between rotational and vibrational modes was not dis-
cussed in detail. The authors consider that the knowledge of the cou-
pling phenomena will help to develop the relaxation model for CFD.

The ultimate goal of this study is to establish a thermochemi-
cal model describing the internal energy relaxation for molecular
hydrogen that is applicable to CFD simulations. Because the state-
to-state rates used in Sharma’s work were not available to the present
authors, the state-to-state rates are recomputed by the QCT method
using an existing code. The state-to-state rates so obtained are found
to differ from Sharma’s value by a simple factor. For the purpose of
performing comparative calculations with Sharma, modification is
made to the present values to bring the rates to approximately the

same values as Sharma’s. Some of the obtained rates are validated
by the existing experimental data. Then the master equation for the
ro—vibrational energy levels is solved using the obtained QCT state-
to-state rates. The relaxation times appropriate to the Landau—Teller
equation model are derived from the results.

II. Methods of Analysis

A. State-to-state Rate Coefficients

To obtain realistic state-to-state rate coefficients, the QCT calcu-
lations of H,—H, bimolecular collisions are performed. The potential
surface of the Hy system is taken from a detailed analytical expres-
sion in Ref. 11, which is determined from the results of abinitio
calculations. To be consistent, all of the discrete ro—vibrational en-
ergy levels are determined by solving the vibrational Schrédinger
equation with the internuclear potential for the electronic ground
state taken from Ref. 11, with a modification to take into account the
molecular rotational motion corresponding to the rotational quan-
tum number J. This approach yields the rotational energy levels of
J =0-38 and the vibrational energy levels of v = 0-14. The maxi-
mum numbers of the vibrational energy levels for each of the rota-
tional energy levels are summarized in Table 1.

To compute the rate of (J, v) — (J', v') transition, the initial ro-
tational and vibrational quantum number of the target molecule is
set as (J, v). For the projectile molecule, the initial rotational and
vibrational quantum numbers are given by statistical sampling of
the Boltzmann distribution functions for the rotational and the vi-
brational temperature given in each computation. The initial kinetic
energies of rotation and vibration are determined from the energy
level of the corresponding quantum numbers. The initial phase an-
gles of the rotational and vibrational motion and the direction of the
angular momentum vector of both of the target and the projectile
are given by appropriate random sampling. In this way, the initial
state of the rotational and the vibrational motion of the target and
the projectile are determined consistently. The relative velocity of
collision is given by statistical sampling of the Boltzmann distribu-
tion function of the relative velocity at the translational temperature.
The impact parameter b is given by statistical sampling within the
maximum impact parameter by, as b = bya+/U. The initial dis-
tance between the two molecules is set to 10 A. This value is large
enough to have no influence on the result for the H,—H, interac-
tion in the temperature range of 1000 < 7' < 50,000 K. On the same
criterion, the calculation is terminated when the distance between
the two molecules exceeds 12 A after a collision. If the internuclear
distance of a molecule exceeds 5 A after a collision, the molecule
in question is regarded to be dissociated.

Based on classical mechanics, the rotational and the vibrational
motion of both the target and the projectile molecule are calcu-
lated in a time-marching fashion from the initial state described
earlier. For the numerical procedures, the Lagrangian equations of
motion for the four atoms are integrated in time by the fourth-order
Runge—Kutta method. The final state of the internal modes of the
target molecule is determined as the discrete level according to the
final ro—vibrational energy after a collision. In this procedure, rota-
tional transitions are allowed to occur between even or odd levels
due to homonuclear nature of H,. The continuous internal energy
is discretized into the quantum levels in the following manner.'>!?

Table 1 Maximum vibrational levels

J Umax J vmax J Umax J Umax
0 14 10 12 20 8 30 3
1 14 11 12 21 8 31 3
2 14 12 11 22 7 32 2
3 14 13 11 23 7 33 2
4 14 14 11 24 6 34 1
5 14 15 10 25 6 35 1
6 13 16 10 26 5 36 0
7 13 17 9 27 5 37 0
8 13 18 9 28 4 38 0
9 12 19 9 29 4 _ —
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From the final angular momentum about rotational motion, we chose
the most probable two rotational quantum numbers, J and J + 2.
According to the final energy determined from the classical mo-
tion of atoms, four probable ro—vibrational quantal levels, (J, vy)
and (J,v;+1) for J,and (J 4+2,v;,,) and (J +2,v; .2+ 1) for
J + 2, are selected as candidates. Let us label these four candidates
by 1, 2, 3, and 4, respectively. The probability for each of the can-
didate levels to be selected is defined by

1/|E — E;|"
p_ MIEnEi 0
Zi:l.4 l/lErV_Eiln

where E; is the ro—vibrational energy of ith candidate, and E,, is the
final ro—vibrational energy determined from the classical motion of
atoms. In this study, n is taken to be 3 because it reproduces the
experimental results most appropriately. According to these proba-
bilities, the quantum level is determined in a statistical manner.

Finally, a set of the ro—vibrational state-to-state rates can be ob-
tained by compiling the statistics of the final internal state of the
target molecule after a large number of trial calculations of the bi-
molecular collision. The rate of transition from (J, v) to (J/, v') is
determined by

k],v~> I =4/ SkT/ﬂ,lLﬂbxzmej,va J’,u’/Nlrial (2)

After several preliminary calculations are tried, the minimum value
for b 1S determined so that an accurate rate can be calculated
efficiently.

B. Master Equations

In the present study, we consider the following heat bath problem.
A hydrogen gas initially in the equilibrium state at 7o = T,o = T,
undergoes a sudden elevation of the translational temperature up to
T (>Ty). Rotational temperature 7, and vibrational temperature T,
increase due to relaxation of the internal energy until a thermal equi-
librium among temperatures is established, while the translational
temperature is kept unchanged.

Relaxation processes considered in the present study are the fol-
lowing collision-induced state-to-state transitions, state-specific dis-
sociation, and state-specific recombination,

H(,v)+M < HJ vV)+M 3
H(,v)+M < H+H+M @)

where H,(J,v) stands for a molecular hydrogen in the ro—
vibrational state (J, v), His an atomic hydrogen, and M is a possible
collision partner. Although M can be replaced by H,(J, v) or H, we
only consider M = H, for approximation, because we are interested
in the early phase of relaxation where collisions between molecules
are more likely than between a molecule and an atom.

From the QCT analysis, we can obtain the rate coefficients for
the ro—vibrational transition of Eq. (3) and for the dissociation of
Eq. (4). Because the rate coefficients of recombination cannot be
calculated in the QCT analysis, they are calculated by the detailed
balance equations, using the state-specific dissociation rates ob-
tained earlier. So that the detailed balancing relationship can be
consistently satisfied between the upward and the downward ro—
vibrational state-to-state transitions, the downward rate is recalcu-
lated from the corresponding upward rate. Here, we define the up-
ward transition as a transition in which the ro—vibrational energy
increases.

Time evolution of the number density of molecular hydrogen in
the ro—vibrational state (J, v) due to Egs. (3) and (4) is governed
by the following master equations:

dnj,,)
d = E E kyw o gonyy — E E kjvs vy
d v J v

7!

—kjvsengotkes gy ”HnHi|nH2 )

The master equation for the number density of atomic hydrogen is
given by

dnH

- :2;Z[k1/yv/_,cnjgv/ — ke v unu ]y, (6)

Equations (5) and (6) are normalized in the manner described in
Ref. 14. By the introduction of the detailed balancing relationship
between the upward and downward transitions,

kl,v—> J/,v//kl’.u’—> Jov = nl’,v’eq/nl,veq @)
k./,l)—)L‘/kL‘—>./,U = (nHeq)z/nlﬂv’eq (8)
Eqgs. (5) and (6) are reduced to

dpl.v

4z = Z Z KJ.v—> J/,v’[pJ/,v’ - pJ,v] +K1,v—>c[pf{ - pJ,v]
Jo
®
de 2 1MJ v eq
9 Kyyodoyy—p2]——24 10
Az ;Z J, [,OJ. ,OH] Miteq (10)
The normalized nonequilibrium populations are defined by
pJ,U:nJ,U/n!,veq (]1)
PH = nH/nHeq (12)
The collision number is defined by the mean collision time as
t 416 ngp,kTQ3?
=—=—— (13)

tc_n 5

rmkT

The collision integral Q2 upto T = 15,000 K is taken from Ref. 15
and is extrapolated for higher temperature. The normalized rate coef-
ficients for state-to-state transition and for state-specific dissociation
are, respectively, given by

Koo =kjosrv/Ke 14)
Kiuoe=kyoe/Ke (15)

where the elastic collision rate is defined by
K.=1/tony, = (4/7)(16/5)(kTQ*? [/ 7mkT) (16)
The normalized master equations (9) and (10) are integrated in
time using k; ,,_, j7,» and k; , _, . obtained from the QCT results. The

fourth-order Runge—Kutta method with adaptive step-size control
(see Ref. 16) is employed for time integration.

C. Bulk Dissociation and Recombination Rate Coefficients
For collisional dissociation and recombination process for hydro-
gen molecules,

Hy+M < H+H+M (17)

time evolution of the number density for molecular hydrogen can
be written by

dn Hy
dt

:—[kdnH2 —I(,J’l]-[l’l]-{]}’l]—[2 (18)

From Egqg. (10), the time evolution of ny, is also given by

dnH2 1 dnH
=—c——=— kv =y v — ke yrynunulng,
J' v

dt 2 dt
19)
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Comparing the first terms in the right-hand side of Eqgs. (18) and (19)
and considering the relationship of

ny, = E E njy
J v

we obtain the bulk dissociation rates as

_ Z] Zv k],l)—)(‘ n/,v
Z] Zv UFR

The bulk recombination rate coefficients can be obtained by the
following Saha equation:

kq/k, = (nHeq)z/nHzeq =Ke e2y)

ka (20)

D. Vibrational and Rotational Relaxation Time

In the present analysis, the vibrational relaxation time is deter-
mined in terms of the bulk vibrational temperature defined from
the average vibrational energy. The average vibrational energy per
molecule is given by

D2 s —eso)ny,
Z] Zv nyy

The bulk vibrational temperature is determined by solving the
equation

(22

Evib =

B kb,
 exp(6,/T,) — 1

where 6, =[ep1 — ep0l/k =5946.7 K. Provided that the vibrational
energy relaxation follows the Landau—Teller equation

deyin(Ty) _ eyin(T) — eyin(Ty)
dr T

(23)

€vib

24

the so-called e-folding relaxation time t is determined as the time
at which the vibrational energy satisfies the following relationship:
evin(T) — evin(Ty) _ 1 25)
ein(T) —evin(Ty) e
Using Eq. (25) as the criterion, we determine the vibrational relax-
ation time from the time evolution of the vibrational energy obtained
by time integration of the master equations.
In the same manner, the rotational relaxation time is determined
as the time when (T — T,) /(T — Ty) = 1/e is satisfied. The average
rotational energy per molecule is given by

Z, ZU €0y
el‘Ol = s -
ZJ Zv v
The bulk rotational temperature is determined by the relationship

T, = erot/k (27)

(26)

III. Test Conditions

The QCT calculations were carried out for the temperatures 7' =
T, =T, =1000, 3000, 5000, 10,000, and 50,000 K. The values of
bmax used in the present study are 5.0, 4.5, 4.0, 3.5, and 3.5 A for
1000, 3000, 5000, 10,000, and 50,000 K, respectively. Calculations
were done for all of the possible initial ro—vibrational states, which
amount to 350 in total. In each case of the initial ro—vibrational state,
5000 trajectories are calculated to obtain the state-to-state rates.

The master equations are integrated for five heat-bath tempera-
tures of 1000, 3000, 5000, 10,000, and 50,000 K. The initial con-
ditions are summarized in Table 2. The translational temperature is
assumed to be constant at the heat-bath temperature throughout the
integration. The conditions of cases 1, 5, and 6 are taken from Ref. 10
for the purpose of comparison. Effects of the initial rotational and
vibrational temperature and the initial total number density on so-
lutions are examined by varying their values. The normalized time
interval for numerical integrations of Egs. (9) and (10) is varied in
the range between 107'° and 0.5 according to the maximum incre-
ment of the variables during the time step.

Table 2 Initial conditions

Case T,K Tr0 =Ty, K Nu, , molecules
1 5,000 4,000 1.0 x 10?3
2 10,000 300 1.0x 103
3 10,000 300 1.0x 10'8
4 50,000 300 1.0 x 10'8
5 1,000 800 1.0 x 10?3
6 3,000 2,800 1.0 x 108
7 10,000 8,000 1.0 x 10?3
8 50,000 40,000 1.0 x 10?3
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Fig. 1 Comparisons of the calculated line-broadening coefficients and
experimental data of Rahn et al.,!” 7=1000 K and v=1.

IV. Results and Discussions

A. State-to-State Rate Coefficients

To validate the present QCT results, the total rotational transi-
tion rates are compared with the experimental data of the Raman
Q-branch self-broadening coefficients of molecular hydrogen. In
Ref. 17, Rahn et al. measured the broadening coefficients for J =0-
5. If the vibrational transitions are neglected, we can obtain the line-
broadening coefficients by substituting the rotational state-to-state
rates into the following equation'?'3:

ky
¥s =3.896 x 10'° Z —’T ! (28)

7

The present results for 1000 K are compared with the data of Rahn
et al. in Fig. 1. The present results agree reasonably well with the
experimental data. Error bars on the numerical results in Fig. 1 are
given by the statistical standard deviations.

The vibrational transition rates obtained in the QCT analysis are
compared in Fig. 2 with the experimental data of Audibert et al.'®
and Dove and Teitelbaum,'® and with the past calculations done
by Zenevich et al.?’ To obtain the Kjo_, o rate, additional QCT
calculations are carried out. In the calculations, the initial vibrational
quantum number of the target molecule is fixed at v =1 and that of
the projectile at v =0. The initial rotational quantum numbers of
both molecules are given by statistical sampling. Even though the
present rates are all larger than the experimental data of Dove et al.,
their values remain within the same order of magnitude, and the
temperature dependence is the same as those of the experimental
and analytical results.

From these comparisons, the present QCT rates are believed to
be valid in the low-temperature range up to 3000 K. Unfortunately,
no experimental data are available to validate the transition rates at
higher temperatures.

Typical values of the state-to-state and the state-specific dissoci-
ation rate coefficients are compared with the results of Sharma'® in
Fig. 3a. The present rate coefficients are larger than Sharma’s for the
temperatures over 3000 K, although in good agreement for 1000 K.
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Fig. 3 Comparisons of state-to-state transition and dissociation rate
coefficients: a) present uncorrected and Sharma’s!? rates and b) present
corrected and Sharma’s rates.

Note that, by introducing a simple correction factor, the rates approx-
imately the same values as Sharma’s can be obtained, as shown in
Fig. 3b: The modified values are obtained by keor = kore /+/ (T /1000),
where ko, and ke, are the original and the modified values,
respectively.

B. Recombination Rate Coefficients at Quasi Steady State
Evolution of the bulk rotational and the bulk vibrational temper-

atures for case 1 with the uncorrected state-to-state rate are shown

in Fig. 4. The rotational and the vibrational temperatures stop in-
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Fig. 4 Temperatures evolution in calculation for casel.
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Fig. 5 Temperature evolution in calculation for cases 2 and 3.

creasing at the collision number of 1000 before reaching the final
equilibrium temperature and keep almost constant temperature value
of about 4800 K for a further 100,000 collisions. Such plateaus in
temperature profiles are also seen in the calculated result for case
2 in Fig. 5. These are the so-called quasi steady state (QSS). Vari-
ation of initial number density of molecular hydrogen affects the
period of QSS for this case, but not the temperature value at which
QSS appears. The period of the QSS becomes long when the total
number density is decreased in case 3 (Fig. 5). Variation of initial ro-
tational and vibrational temperatures affects neither the period of nor
the temperature value during QSS. In the calculations with the ini-
tial rotational and the vibrational temperatures of 2000 and 5000 K,
QSS appears at the same temperature and lasts for the same collision
numbers as case 2 (figures not shown). The variation of normalized
population distribution for case 2 is shown in Fig. 6. The normal-
ized population distribution is defined by (n;,,/nu,)/(n;,v/1H,)eq
in the present study. At the early phase of relaxation, high-energy
levels approach the equilibrium population more quickly than the
low-energy levels, as seen in the population distributions at Z =1
and 10. However, at Z =500 under QSS, the high-energy levels
are underpopulated, whereas the lower levels are almost completely
equilibrated. Such a population distribution remains unchanged until
the rotational and the vibrational temperature start increasing again
as shown in Fig. 5. This indicates that the incoming and the outgo-
ing rate of population at an energy level (J, v) are almost balanced
under QSS.

The recombination rate coefficients under QSS are determined
from the present results and compared with the existing studies.
The bulk QSS recombination rate coefficients can be calculated by
Eq. (20) when we know the number densities of each ro—vibrational
energy levels, n;,, under QSS. Here, we examine two different
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Fig. 7 QSS recombination rates.

methods to obtain the number densities under QSS. Method 1 is
substituting the values of n, , that are determined by solving equa-
tions (9) with setting the left-hand side to zero.”?! Method 2 is
substituting the values of 7, , at the local time when the QSS con-
dition is satisfied during the time integration of Eqgs. (9) and (10).
The corresponding conditions for calculations are cases 1, 3, and
4 in Table 2. As shown in Fig. 7, these two methods give the al-
most same values of recombination rates. In Fig. 7, the existing
expressions for the recombination rate coefficients are displayed:
the experimental expressions by Patch,?? Hurle,?* Rink,?* Sutton,?
and Jacobs et al.%%; the theoretical results by Schwenke?’ and Shui
et al.?®; and the recommended expressions by Oldenborg et al.”®
and Warnatz.>* Most of the experimental expressions are clustered
between the present results with the uncorrected and the corrected
state-to-state rates at 5000 K. When the uncertainties of the ex-
perimental expressions are considered, the both of uncorrected and
corrected state-to-state rates give reasonable values of recombina-
tion rates at 5000 K. The slopes of the rates between 5000 and
10,000 K in the present results also agree well with the experimen-
tal expressions. However, for the temperatures over 10,000 K, the
temperature dependency obtained by the uncorrected state-to-state
rates shows a upward trend in contrast with the concave downward
trend of Shui et al.?® that are deduced from the modified phase-space
theory. Although such a temperature dependency in also seen in the
results with the corrected state-to-state rates, the calculated values
agree reasonably with the extrapolated line of the recommended
expression by Oldenborg et al.?’

C. Ro-Vibrational Energy Loss due to Dissociation at QSS
Under the QSS condition, the dissociation of molecular hydrogen
is likely to occur from higher ro—vibrational energy states as men-
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Fig. 8 Ro-vibrational energy loss due to dissociation, D =4.52 eV =
52,454 K.

tioned in the preceding section. In such a case, the bulk gas loses
relatively large amount of internal energies. Therefore, it is nec-
essary to consider such a coupling effect between internal energy
relaxations and dissociation reaction when we calculate flows with
nonequilibrium phenomenon. The amount of the ro—vibrational en-
ergy loss is given by?!

Z, ZU esolksys ey — ke jonunulng,
—dny, /dt

(29)

Eror—vibloss =

The calculated ro—vibrational energy losses due to dissociation at
QSS are shown in Fig. 8. Methods 1 and 2 correspond to the methods
obtaining the value of n, ,, as mentioned in the preceding section.
These two methods give the similar values of the ro—vibrational
energy loss with the difference within 10%. Despite the discrepancy
in the recombination rates, the uncorrected and the corrected state-
to-state rates yield the same values of the ro—vibrational energy loss.
From these results, it is found that the amount of energy loss at high
temperatures above 10,000 K is about two-thirds of the dissociation
energy.

D. Rotational and Vibrational Relaxation Time

The relaxation times are determined from the present results with
the uncorrected and the corrected state-to-state transition rates. One
of our interests is to know how many collisions are required for
hydrogen molecules to dissociate behind a shock wave. Therefore,
calculations in this subsection are simplified by ignoring dissoci-
ation reactions. The corresponding conditions for calculations are
cases 1 and 5-8 in Table 2. Although there exist quantitative differ-
ences among the relaxation times given by using the corrected and
the uncorrected rates, they show qualitatively the same tendencies
of temperature dependence. Generally, the obtained values of the
relaxation times calculated with the modified rates are larger than
those obtained with the original rates by the factor of +/(7/1000)
that is used in modification of the original rates.

The obtained vibrational relaxation times are presented in Fig. 9.
InFig. 9, the experimental data of Dove and Teitelbaum' are shown.
Because the experimental data were given only in the temperature
range 1350-3000 K, the extrapolated line is given in curves against
the outside of the temperature range for the purpose of comparison.
The relaxation parameter pt, that is the product of the partial pres-
sure of molecular hydrogen, p, and the vibrational relaxation time 7,
shows an approximately linear relationship with 7~'/3. The calcu-
lated relaxation times using the uncorrected state-to-state rates ap-
proximately coincide with the extrapolated straight line of the exper-
imental data of Dove and Teitelbaum, whereas those obtained with
the corrected rates at the temperature of 3000 K (7 '/ =0.0693) is
close to the experimental data. We could not obtain the vibrational
relaxation time at 1000 K. This is because the number of QCT trials
was not sufficient to obtain very small values of the rate coefficient
at 1000 K.
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Fig. 10 Present rotational relaxation time, and calculationed results of
Sharma,!’ and experimental data of Lensch and Gronig3! and Boitnott
and Warder.32

The obtained rotational relaxation times are presented in Fig. 10.
The rotational relaxation times increase as the temperature increases
up to 8000 K and then decrease as the temperature becomes higher.
At 1000 K, all of the calculations give the same relaxation time as
Sharma’s and agreement with the experimental data with Lensch
and Gronig?! is satisfactory. Data of Boitnott and Warder*? are also
shown in Fig. 10. However, there is a large discrepancy of the re-
laxation times between the present and Sharma’s calculation in the
high-temperature range even if the state-to-state rates are taken to
be the same as Sharma’s rates. If the present values of pt, are mul-
tiplied by the mole fraction of molecules, they approach Sharma’s
values. Therefore, to use Sharma’s values in CFD, they must be di-
vided by the mole fraction of the molecules. As mentioned in the
Introduction, the difference between the present and Sharma’s re-
sults is attributed to the difference in the definition of the relaxation
parameter pt,.

Figure 11 shows the effective e-folding collision numbers re-
quired for equilibration of rotational and vibrational energy modes.
With the uncorrected state-to-state rates, for the rotational energy
mode, 200 collisions are required for reaching equilibrium at 3000 K
and 6 collisions at 50,000 K. More than 600 collisions are required
for the vibrational energy equilibration at 3000 K and 6 collisions at
50,000 K. With the corrected state-to-state rates, for the rotational
energy mode, 360 collisions are required for reaching equilibrium
at 3,000 K and 40 collisions at 50,000 K. The vibrational energy
equilibration requires more than 1000 collisions at 3,000 K and 40
collisions at 50,000 K. The vibrational effective collision numbers

ation times and approximate expression of ro-vibrational relaxation
time.

coincide with the rotational ones at the temperatures over 10,000 K.
This suggests that these two energy modes are strongly coupled to
each other at high temperatures: The rotational and the vibrational
energy modes are in an equilibrium state to each other. Therefore, the
ro—vibrational energy mode, that is, the combination of rotational
and vibrational energy modes,

e Z} ZU €yl
rot—vib = Ty~ ~—
Z] Zv LAY

can be defined using the common temperature. The effective colli-
sion numbers of this ro—vibrational energy mode are also shown in
Fig. 11. For this high-temperature range, the ro—vibrational relax-
ation times can be represented by the following expressions. For the
uncorrected state-to-state rates,

log pt = —0.729log T —4.23 atm - s (30)
For the corrected state-to-state rates,
log pt = —0.2251log T —5.75 atm - s @31

These expressions are compared with the calculated values in
the range of temperatures above 5000 K in Fig. 12. Because the
temperature behind the shock wave is greater than 5000 K in all
outer planet entries, the preceding expressions are believed to be
sufficient in describing the influence of vibrational and rotational
nonequilibrium therein.
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V. Conclusions

The master equations with the QCT state-to-state rates are inte-
grated to examine the behavior of rotational and vibrational energy
modes of hydrogen molecules during relaxation, under the constant
temperature conditions for temperatures from 1000 to 50,000 K.
The relaxation times for rotational and vibrational modes are de-
rived based on the Landau—Teller theory. The obtained vibrational
relaxation times agree well with the existing experimental data at
temperature below 3000 K. Coupled relaxations of rotational and
vibrational energy modes are found for temperatures over 5000 K.
Calculation of relaxation is performed using two sets of state-to-
state transition rate coefficients, the present QCT rates or the val-
ues corrected to agree with the values by Sharma. The relaxation
time 7 of the coupled ro—vibrational mode for temperature above
5000K islog pt =—0.729 log T — 4.23 using the uncorrected rates
and log pt = —0.225log T — 5.75 using the corrected rates.
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